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HYDROSTATICS. 


Trin.  Coll.   1S20. 


HP 

1.  Ihe  pressure  of  a  fluid  against  any  surface  in  a  direction   per-> 

pendicular  to  it,  varies  as  the  area  of  the  surface  multiplied  into  the  depth 
of  its  center  of  gravity  below  the  surface  of  the  fluid, 

2.  A  hollow  cone  without  a 'bottom  stands  on  a  horizontal  plane, 
and  water  is  poured  in  at  the  vertex.  The  weight  of  the  cone  being  given, 
how  far  may  it  be  filled  so  as  not  to  run  out  below  ? 

3.  What  must  be  the  magnitude  and  point  of  application  of  a  single 
force  that  will  support  a  sluice-gate  in  the  shape  of  an  inverted  parabola  ? 

4.  Find  the  specific  gravity  of  a  body  which  is  lighter  than  the  fluid 
in  which  it  is  weighed. 

5.  If  the  specific  gravity  of  air  be  called  m,  that  of  water  being  1, 
and  if  IF  be  the  weight  of  any  body  in  air,  and  W  its  weight  in  water, 
its  weight  in  vacuo  will  be, 


m 


JF+  -^L_  (W-W'\ 


l  —  m 


\i  the  particles  of  an  elastic  fluid  repel  each   other  with  forces 
ing  inversely  as  the  fourth  power  of  their  distances,  the  compressive 
force  on  any  portion  varies  as  (density)2. 

10.     Explain  the  method   of  measuring  altitudes   by  means  of  the 
barometer  and  thermometer. 


6.  Three  globes  of  the  same  diameter  and  of  given  specific  gravities, 
are  placed  in  the  same  straight  line.  How  must  they  be  disposed  that 
they  may  balance  on  the  same  point  of  the  line  in  vacuo  and  in  water  ? 

/.  If  a  homogeneous  hemisphere,  floating  in  a  fluid,  be  slightly 
inclined  from  the  position  of  equilibrium ;  shew  that  the  moment  of  the 
fluid  to  restore  it  to  that  position,  is  not  affected  by  placing  any  additional 
weight  at  its  center. 

8.  A  regular  tetrahedron  moves  with  its  vertex  forwards,  in  a 
direction  perpendicular  to  its  base.  Compare  the  resistance  on  the  oblique 
planes  with  that  on  the  base. 


i  i        Two    hammerers,    whose    tubes   arp   <=nrVi    / 


mrhpc      lr*r-*rr        Ko-». 
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ARITHMETIC  and  ALGEBRA. 


Trin.  Coll.   1824. 


i.  w  mi.  warn*  *  "»■  *™e  vx"  Me  fov  *"*  d™0lv' 

(2)  Divide  A'99-  17»-  oJ*  by  T^ 

,      *•     *:  „o   7      10     -  ■    and  add  them   together. 
%     (1)  Compare  the  fractions  R,  a,  5»    ana  0 

(2)  Add  together  3§  pounds,  9|  shillings,  and  %\  pence. 

3.  (1)  Reduce  \,  to  a  decimal.      Shew   that  it  must  circulate. 
(2)  Reduce  8s.  lljrf.  to  the  decimal  of  a  guinea. 

4.  A  pound  of  cotton  has  been  spun  into  a  thread  134000  yards  too* 
What  weight  of  this  thread  would  reach  round  the  globe,  a  distance  of  25,000 
miles  ? 

5  What  is  the   interest  of   4,437.  7>-  «   ■»  i   I-  *  «■  <"='  T^ 
And  what  is  the  discount  of  the  same  seat  for  the  same  tune? 

6  la  the  following  number,  shew  which  of  each  „air  i*  the  greater. 

*«d*.    7.0  +  Jl  and  J*  +  J*  ■    ^  W»  -*  »■ 

7  Find  the  common  measure  of  *'  -  3x  -  8,     and  <•  -  *  +  *  -  >»• 

g     Pr„ve  the  hinomial  theorem  for   the  ease  when  the  index  is   integral, 
.,,  when  it  is  positive,   (2)  when  it  is  negauve. 

1  .,  a   i    /o  jl.     f~^~3Y    and  write  down 

9.     Expand   W— 3-      Also  expand  (V*  +  V       »>  > 

the  m*  term. 

I0      (t,  What  are  (in  common  notation,  the  greatest  and  leas,  namhers 
which  can  he  expressed  by  4  figures  when  the  local  vaiae  ,s  6 

(,)  Egress  763.  in  the  local  value  ,0,  and  iu  the  local  value  » 
„      What  number  of  sums  of  the  series  54,  .1.  48,  to.  must  he  taken  ., 
m,ke513(     What  is  the  meaning  of  the  double  answer! 

12.    Sam  the  geometrical  senes  3+,    24,    14,  to.  to  infinity. 

,3.     A  country  trebles  if  inhabitants  in  a  century;  what  is  the  incree 

in  a  ynar  per  million?  .^MK 

(log  10110  =  4. 0047512;    log   1011 1-4. 0047»4t,        6 

,4.     Shew  that  whatever,,  be,  ni^T  .^.,7=1  is  d.visible  by  24. 
,  ,      „  „  .  h  .-  „  :  d.  and  .  he  prime  to  b,  c  is  a  multiple  of  a. 


■    ,     II     I  ■    I  ■ 


DIFFERENTIAL  and  INTEGRAL  CaLCULUS. 


Trinity  College,  May  1828. 


1.  DEFINE   the    term    differential,    aud    determine   those   of    x',    a", 

i 

2.  Illustrate  Taylor's  Theorem  by  examples   of  ordinary  algebraical  ex- 
pansions, and  prove  it  generally. 

3.  If   u .  =  o    be  an  equation    always    subsisting  between    two    variables 
,  then  du  =  0. 

4.  Find  the  differential  expressions  for  the  subtangcnt,  subnormal,  tangent 

curve, 

5       A    curve    is    convex    or    concave    towards  the  axis  of   x,   according  as 

- 


. 


rent    orders,    and   determine 
ible  contact   with  a   given   curve  at 

us   vector  of  a   spiral,    p  the  perpendicular  on 

:  curvature. 

d     l 


f  '    r       \d6    r/  ' 


p3   /l        d-      1 


i  =EL  (I 

p  "  r'   \r 


+ 


d.e- '  ? 
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S,     Express  in  a  series  the  length  of  the    arc    the  sine  of  which   is  f  ;- 
hence  calculate  the  value   of  *  to  1  places  of  decimals. 

(tt  =  3.1415.9.  .  .). 

Q.  Explain  the  different  methods  of  obtaining  the  ultimate  value  of 
a  fraction,  the  numerator  and  denominator  of  which  both  become  equal  to 
nothing.     Apply  one  or  other  of  them  to  the  following  examples: 

(n°  —  l)5    wnen  n  —  i, 

(«2  -  if 


MATHEMATICAL    TRIPOS- 


Monday,  Jan.  14,  1867.    9  to  12. 

1.  Shew  how  to  find  the  centre  of  gravity  of  any  solid,  the  equations  of 
whose  bounding  surfaces  are  known,  referred  to  polar  co-ordinates. 

Prove  that  in  a  sphere  whose  density  varies  inversely  as  the  distance  from  a 
point  in  the  surface,  the  distance  of  the  centre  of  gravity  from  that  point  hears  to 
the  diameter  the  ratio  2  :  5. 

ii.  A  rigid  body  is  in  equilibrium  under  the  action  of  any  system  of  forces; 
prove  that  the  system  may  be  reduced  in  an  infinite  number  of  ways  to  a  single 
force  and  a  couple;  and  that  the  tangent  of  the  inclination  of  the  axis  of  the  couple 
to  a  certain  fixed  straight  line  varies  as  the  distance  of  the  direction  of  the  force  from 
that  straight  line. 

iii.  A  uniform  endless  flexible  string  is  in  equilibrium  under  the  action  of  a 
central  repulsive  force;  prove  that  it  lies  wholly  in  one  plane,  and  that  the  tension 
at  any  point  varies  inversely  as  the  perpendicular  let  fall  from  the  centre  of  force 
on   the  tangent  at  that  point. 

Prove  that,  if  the  force  be  a  function  of  the  distance  only,  the  form  of  the  string 
cannot  have  more  than  two  apsidal  distances. 

iv.  Find  the  time  of  describing  any  arc  of  a  parabola,  with  an  acceleration 
tending  to  the  focus,  in  terms  of  the  chord,  and  the  sum  of  the  radii  vectores  of 
its    extremities. 

v.     OA,    OB,   are    two    lines    which    intersect    in   a   fixed   point    0,   and    revolve 

with  uniform  angular  velocities  a,  '2a,  starting  from  the  position  in  which  they  coincide; 

if  £.  t]   be   the  distance   of    a   moving    point    at    the  time   t   from     OB,   OA,   measured 

parallel   to    OA,     OB,    respectively,    u,   v    its   component  velocities   in   these  directions, 

prove  that 

dP 
u  =  -j-—  (0% cct  at  —  2co?;  cosec at, 

j 
v  =  -,-  +  &>f  cosec  at  +  2a>r)  cot  at ; 

and  investigate  expressions  for  the  component  accelerations  in  the  same  directions. 

vi.  Define  the  hodograph  of  a  point  moving  in  any  manner;  and  find  its 
equation,  for  a  point  on  the  circumference  of  a  wheel,  which  rolls  uniformly  within 
the  circumference  of  a  fixed  wheel  of  four  times  its  radius. 

7.     State   the  necessary  conditions  for  the  stability  of  a  floating  body. 

Define  the  metacentre,  and  state  how  it  may  be  found. 

A  cup  whose  outside  surface  is  a  paraboloid  of  revolution  of  latus  rectum  I,  and  whose 
thickness  measured  horizontally  is  the  same  at  every  point  and  very  small  compared 
with  I,  has  a  circular  rim  at  a  height  h  above  the  vertex,  and  rests  on  the  highest 
point    of    a   sphere    of    radius    r.     If   water  be  now  poured    in  until  its  surface   cuts 

the  axis  of  the   cup   at    a  distance  ^  h  from   the   vertex,  and  if  the  weight  of  water 
be  four  times  that  of  the  cup,   shew  that  the  equilibrium  will  be  stable,  if 

.     r  -  21 , 
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MATHEMATICAL   TRIPOS. 


Monday,  Jan.  14,  1867.     1$  to  4. 


1  SHEW   that   any   convergent  to   a  continue!   fraction    is   nearer   to   its  ultimate 
value  than  any  other  fraction  which  has  a  smaller  denominator. 

Find  a  rational  fraction  nearer  to  the  value  of  (1 +*  +  **)*  than  any  other 
fraction  not  containing  powers  of  x  higher  than  the  fourth,  x  being  a  posits  integer. 

2  Expand  a*  in  a  series  of  ascending  powers  of  x;  and  define  the  base  of 
the  Napierian  system  of  logarithms.  How  are  the  expansions  of  sin  0  and  cos  0 
deduced  from  this  series? 

Shew  that  if/-j!  =  Z,  and  2pq  =  n,  the  fraction 


n*-BP 

x  — 


^U ^X^r^o.;^'  -^1.2.3         '    1.2.3.4.5.6 

3      Given  the  azimuths  of  the   directions  of  two   points  P   and    Q   as  seen   from 

two  known  points  A  and  B,  determine  the  horizontal  distance  of  P  from  Q. 

If  A  is    due    north    of  B    and   if   the    azimuths    of  P  and    Q   as   seen   from   A 

are  a   and  y,  and   as  seen  from  B  are,  /3  and    8,   then   if  0  be   the   azimuth   of  Q  as 
seen  from  P,  shew  that 

cot  a  cot  S  —  cot  ,3  cot  y 


cot  0  = 


cot  ct  +  cot  o  —  cot  tf  -  cot  7 


it.     Resolve  the  expression  x*  +  3qx  +  r  into  three  factor?. 
If  one  of  the  roots  of  the  equation  a?+Sqx  +  r  =  6  be/^'"1,  prove  that 
Sq  =  -  k*  (1  +  2  cos  20)  and  »•  =  2ks  cos  0. 

v.     Explain  Newton's  method   of  approximating  to  the  numerical  value  of  a  real 
root  of  an  equation ;  and  state  the  conditions  necessary  for  its  success. 
Find  to  three  places  of  decimals  the  real  root  of  the  equation 

xs  -  'dx"  +  ox  -  4  =  0. 

vi  Investigate  geometrically  the  expression  for  the  cosine  of  an  angle  of  a 
spherical  triangle  in  'terms  of  the  sides,  when  one  of  the  sides  containing  the  angle 
is  greater  than  a  quadrant. 

From  one  angular  point  of  a  spherical  triangle  whose  sides  are  a,  be  two 
equal  arcs  of  great  circles  are  drawn  to  the  opposite  side  a  intercepting  between 
them  a  portion  fqual  to  that  side;   prove  that  if  .  be  the  length  of  one  of  these  arcs, 

4  sin" a  cos5  x  =  cos5?.  +  cos2  c  -  2  cos  a  cos  b  cos  c. 


MATHEMATICAL    TRIPOS. 


TUESDAY,   January  15,  1867.     9  to  12. 


1  Determine  the  points  whose  distances  from  the  angular  points  of  a  triangle 
are  inversely  proportional  to  the  opposite  sides  respectively.  Find  the  angles  which  the 
sides  subtend  at  them;  and  prove  that  (1)  there  are  two  such  points,  2)  the  line  joining 
Ihein  passes  through  the  centre  of  the  circle  circtimscnoing  the  triangle  (3)  the  sum  or 
difference  of  the  angles  subtended  by  a  side  is  double  the  opposite  angle  of  the  triangle 
according  as  that  side  does  not  or  docs  lie  between  the  two  points. 


ii.     Shew  that  if  9  be  less  than  -j , 

.     tan  20        I  +  A^A^  +  A.  +  Slc. 
tan  8  =  — g-  x  1  +  3Ai  +  5Ai+7Ai  +  &c. 

.      1.3.5...(4n-l)  /sin  20V" 
where  A,= ^^+1  ["¥"  )   ' 

3.  A  line  is  drawn  parallel  to  the  axis  minor  of  an  ellipse,  half-way  between 
a  focus  and  the  corresponding  directrix;  prove  that  the  product  of  the  perpendiculars 
on  it  from  the  extremities  of  any  chord  passing  through  that  focus  is  constant. 

Lv  If  h  h  be  the  co-ordinates  of  the  centre  of  a  circle  which  cuts  a  parabola 
in  four  points',   then  the  product   of  the  focal  distances  of  the  points  of   intersection    is 

(#  + 1*  -  a3  -  FY  +  4FV. 

The  axis  of  the  parabola  is  the  axis  of  ar,  the  directrix  is  the   axis  of  y,    I  is  the  semi- 
latus  rectum,  a  is  the  radius  of  the  circle. 

v.     P  is  a  point  within  the  spherical  triangle  ABC;  BC,  GA,  AB  are  quadrant,. 

Prove  that 

.    ann.     .cos PA  cos PG 

en  2PBA  =  2 ^-pw —  ■ 

sin  PJi 

a  Defining  the  parallel  of  a  closed  curve  to  be  the  locus  of  points  in  the  normals 
produced  outwards,  which  are  equally  distant  from  the  curve  prove  that  for  a  closed  curve. 
without  singular  points,  the  mean  of 'the  perimeters  of  all  such  parallels  between  two  fixed 
parallels  is  the  arithmetic  mean  of  the  perimeters  of  these  parallels ;  and  that  the  mean 
of  the  areas  enclosed  by  the  parallels  is  less  than  the  arithmetic  mean  of  the  areas 
of  the  two  fixed  parallels  by  one-third  of  the  area  of  the  circle  whose  radius  is  the 
distance  between  them;  in  both  cases  it  is  supposed  that  all  distances  measured  along 
any  normal  are  equally  probable. 


MATHEMATICAL    TRIPOS. 


* 


Tuesday.  Jan.  1,  18G7.     U  to  4. 


1.  If  the  weight  of  one  cubic  foot  of  water  is  G2'35  pounds  avoirdupois,  find 
the  error  in  calculating  the  weight  of  1000  cubic  feet  on  each  of  the  following  ap- 
proximate assumptions : 

(1)  that  one  cubic  inch  weighs  252-5  grains; 

(2)  that  one  cubic  foot  weighs  1000  ounces  avoirdupois; 

(3)  that  one  cubic  fathom  weighs  6  tons. 

2.  Find   the  square  root  of  the  sum  of  the  squares  of  10-4  and  14-31 ;   and   the 

square  root  of  434-027. 

3.  State  and  prove  the  rule  for  finding  the  highest  common  divisor  of  two  alge- 
braical expressions;    and  find  that  of  5x3  +  llxf  -  lSz2y  —  Gys,  and  Gf  -f  7a;a -  23xy. 

4.  Find   {x°  —  2xy  +  4?/2)*  in  terms  of  a  and  b,  where 

x  =  9a2  +  12ab,  and  y  =  2b"  +  Qab. 

5.  Solve  the  following  equations: 

(x  +  iy=(x+2)(x*  +  2)i-> 
ax  +  by  =  c  ] 

x     ij  ) 

Find  2  from  the  following  equations  in  terms  of  a,  b,  c,  d,  e.f,y: 

ax=p  —  r,  b(y+z)=s—q, 

dj=p-s,  d(z-x)=q-r, 

ez  =  r-s,  f&+y)  -  q-p+ff- 

6.  Find  the  number  of  combinations  of  n  things  r  together. 

In  a  certain  year  n  men  took  double  honours:  the  sum  of  the  numbers  of  their 
places  in  the  mathematical  tripos  was  a,  and  in  the  classical  tripos  b,  and  the  sum 
of  the  products  of  each  man's  numbers  in  the  two  triposes  was  c ;  if  every  com- 
bination of  the  men  two  and  two  be  now  taken,  and  the  number  of  places  by 
which  the  one  beat  the  other  in  mathematics  be  multiplied  algebraically  by  the 
number  of  places  by  which  he  beat  him  in  classics,  shew  that  the  algebraic  sum 
of  all  such  products  is  nc  —  ah.  What  would  you  infer  from  this  quantity  being 
commonly   negative  ? 

vii.     Prove,  the  formula: : 

cos  (A  —  B)  =  cos  A  cos  B  +  sin  A  sin  B, 
2  cos  A  =  Vl  +  sin  2;i  -  Vl  -  sin  2A  ; 
where  the  order  of  magnitude  is  0s,  B,  100s,  A,  150E. 
If  sin  95s  =  tan2  x, 

2  cos  47s  50v  cos  x  =  1  +  Vcos  2x. 


MATHEMATICAL   TRIPOS. 


Thursday,  Jan.  3,  1867.    9  to  12. 


1.  Bronze  contains  91  per  cent,  of  copper,  6  of  zinc,  and  3  of  tin.  A  mass  oi 
bell-metal  (consisting  of  copper  and  tin  only)  and  bronze  fused  together  is  found  to 
contain  88  per  cent,  of  copper,  4-875  of  zinc,  and  7'125  of  tin.  Find  the  proportion 
of  copper  and  tin  in  bell-metal. 

2.  The  amount  of  fuel  consumed  by  a  steamer  varies  as  the  cube  of  the  velocity. 
She  consumes  1-fi  tons  of  coal  per  hour  at  18s.  per  ton,  when  her  speed  is  15  miles 
per  hour.  She  costs  for  other  expenses  16s.  per  hour.  What  would  be  the  least  cost 
for  a  voyage  of  2000  miles? 

iii.  A  C  A',  C  are  four  points  in  a  straight  line;  the  circles  described  on  AA', 
CC  as'  diameters  intersect  in  B;  prove  that  the  centres  of  the  circles  circumscribing 
the  triangles  ABC,  ABC  lie  on  a  straight  line  which  passes  through  B;  and  also  that 
the  centres  of  the  circles  circumscribing  the  triangles  ABC,  A'BO  lie  on  another 
straight  line  through  B  perpendicular  to  the  former. 

iv.  Through  the  middle  points  of  the  sides  of  a  triangle  straight  lines  arc  drawn 
perpendicular  to  the  bisectors  of  the  opposite  angles  and  form  another  triangle; 
prove  that  its  area  is  a  quarter  of  the  rectangle  contained  by  the  perimeter  of  the 
former  triangle,  and  the  radius  of  the  circle  which  cau  be  described  about  it. 

v  Find  the  sum  of  all  the  products  which  can  be  formed  by  multiplying 
together  any  three  terms  of  an  infinite  geometric  series ;  and  shew  that  if  this  sum 
be  one-third  of  the  sum  of  the  cubes  of  the  terms,  the  common  ratio  is   - . 

6.     Shew  that  the  coefficient  of  a*  in  the   expansion  of 

;9a=  +  6«x  +  ixY   is   2S;-(3«)~3r~2 
and  that  every  third  term  vanishes. 

x(i/  +  z-x)_yjs±x^  y)  =  z{x  +  y-z) 
vii.     If  ~~lo¥a  log#  ^gs 


^5  ■**  '"o  , 


prove  that  j^  =  sV=a^ 

8  From  a  point  P  without  an  ellipse,  PQ  is  drawn  parallel  to  the  major  axis, 
Q  being  either  of  the  points  in  which  it  meets  the  curve;  then  the  straight  line  bi- 
lling PO  at  right  angles,  the  tangent  at  Q,  and  the  line  which  joins  the  middle 
points  of  PK,  PL   (the  tangents  drawn  from  P)  meet  in  a  point. 


MATHEMATICAL  TRIPOS. 


Wednesday,  Jan.  2,  1867.    1£  to  4. 


1.  If  two  fluids  are  in  equilibrium  in  .a  bent  tube,  prove  that  the  heights  of 
their  free  surfaces  above  the  common  surface  are  inversely  proportional  to  the 
densities  of  the  fluids. 

A  thin  uniform  cycloidal  tube  contains  equal  weights  of  two  fluids;  if  it  be 
placed  with  its  axis  vertical,  prove  that  the  heights  of  the  free  surfaces  of  the 
fluids  above  the  vertex  of  the  tube  are  as  (3a  +  bf  :  (3&  +  «)2  where  a  and  5- are 
the  lengths  of  the  tube  which  the  fluids  occupy. 

2.  Find  the   whole   pressure   of  a  heavy  fluid  on   any   surface  immersed  in  it. 
The   portion  of  a  given    solid    sphere,    included   within   a   right    cone    the  vertex 

of  which  is  at  the  centre  of  the  sphere,  is  immersed  in  water  with  the  vertex  of 
the  cone  in  the  surface  of  the  fluid  and  its  axis  vertical;  prove  that  the  normal 
pressure  on  the  whole  surface  is  greatest  when  the  vertical  angle  of  the  cone  is 
tan-l(-f). 

3.  Prove  that  the  equilibrium  of  a  floating  body  is  stable  for  vertical  dis- 
placements. 

A  square  lamina  is  placed  vertically  in  a  fluid  of  double  its  density;  prove 
that  it  can  rest  only  with  an  edge  or  a  diagonal  vertical. 

4.  Investigate  the  formula  p-*p(l+«*).  stating  the  experimental  facts  upon 
which  the  investigation  depends. 

A  cylindrical  diving  bell  is  immersed  in  water ;  if  a  be  the  height  of  the  bell, 
•  that  of  the  portion  occupied  by  the  air,  h  the  height  of  the  water  barometer,  and 
the   temperature   be   increased   from    T  to    T+t,  prove   that  the   surface   of    the   water 

hax  at  , 

within  the  bell  will  be  depressed  through   a  space  ^^^  r^I,neaily. 

5.  Describe   Smeaton'a   airpump. 

Find  the  distance  of  the  piston  from  the  top  of  the  cylinder  when,  during  any 
stroke,  the  upper  valve  begins  to  open;  and  shew  that  these  distances  decrease  m 
geometrical  progression  at  every  stroke. 

6.  Find  the  form  of  the  free  surface  of  a  fluid  which  revolves  uniformly  about 
a  vertical  axis. 

A  vertical  cylindrical  shell  is  rigidly  connected  at  its  base  with  a  large  vessel; 
if  this  vessel  be  filled  with  fluid  and  made  to  revolve  uniformly  round  the  axis  of 
the  cylinder,  prove  that  the  height  to  which  the  fluid  rises  in  the  cylinder  is 
equal   to   the   depth  of  the  vertex   of  the   free   surface  below  the   base  of  the  cylinder. 


MATHEMATICAL    TRIPOS. 


Wednesday,  Jan.  2,  1867.    9  to  12. 

_     1.      Shew   tliat,    if  tlie   proposition   known  as   the   parallelogram   of  forces   is   true 
With    respect   to    the    direction     of    the    resultant   when    the   components    are  P  and    Q 
and  also  when  they  are  P  and  B,  it  is  true  for  the  components  P  and   Q  +  _R. 
_        Assuming  die  proposition   for   equal   forces,  state   the   steps   of  the  proof  for  forces 
in  the   ratio   of  57  to   S2;    and   reduce   the   number   of  steps   to   seven. 

2.  Shew  that,  if  the  sides  of  a  closed  rectilinear  figure  taken  in  order  represent 
in  magnitude  and  direction  a  system  of  forces  acting  at  a  point,  the  system  will  be 
in  equilibrium. 

The  twelve  edges  of  a  regular  octahedron  are  formed  of  rods  hinged  together  at  the 
angles,  and  the  opposite  angles  are  connected  by  elastic  strings;  if  the  tensions  of 
the  three  strings  are  X,  Y,  Z  respectively,  shew  that  the  pressure  along  any  of 
the  rods  connecting  the  extremities  of  the  strings  whose  tensions  are   Y  and  Z  is 

(Y+Z-X). 


.2V2 


3.  _    Find,   by   the   parallelogram    of    forces,    the    resultant    of    two    parallel    forces 
acting  in  the  same  direction. 


4.  Define  the  moment  of  a  force  about  a  given  point;  and  shew  that  if  a  bodv 
be  in  equilibrium  under  the  action  of  a  system  of  forces,  the  algebraical  sum  of  then- 
moments  abuiit  any  point  is  zero. 

Three  pieces  of  wire  of  the  same  kind  and  of  proper  lengths  are  bent  into  the 
form  of  the  three  squares  in  the  diagram  of  Euclid  r.  47.  and  the  ano-les  of  the 
squares  which  are  in  contact  are  hinged  together  so  tliat  the  smaller  squares  are 
supported  by  the  larger  square  in  a  vertical  plane:  shew  that  in  every  position' 
into  which  the  figure  can  be  turned,  the  action,  if  any,  between  the  anodes  of 
the  smaller  squares  will  be  perpendicular  to  the  hypothenuse  of  the  ri  edit  "an  "led 
triangle.  & *        & 

5.  Investigate  the  conditions  of  equilibrium  of  a  body  acted  on  at  several  points 
by  forces  in  one  plane;  and  shew  tliat,  when  there  are  three  forces,  their  directions 
must  pass  through  one  point  or  be  parallel. 

Three    forces,     act  rays    parallel    to    three    given    lines,    are    applied    to    the 

three    angles    of  a   triangle    moveable    in    its    own    plane,    and   keep    it   in    equilibrium: 
shew   that   if  the  point   of  concourse   of  their  directions   falls   on   the    circumference  of 

the    circumscribing    circle    the    equilibrium    will    be    neutral:     when    the   point   of  con- 
course  is   not   on  this  circle,   determine  whether   the  equilibrium   is   stable  or  unstable. 

6.  The  vertical  distance  between  two  successive  threads  of  a  screw  is  h,  its  radius 
is  r,  and  the  power  acts  perpendicularly  to  an  arm  a:  find  the  ratio  of 'the  power 
to  the  weight  and  the  ratio  of  the  work  done  by  the  power  to  the  work  done  on 
the  weight,   friction  being  neglected. 

If  the  thread  be  square  and  of  small  section,  and  the  friction  of  the  thread  only 
be   taken   into    account,  find    how  tl  ios    are    modified;    and   shew    that    if  a    and 

h  are  given,  the  efficiency  of  tl>.c  machine  is  a  maximum  when 


(it      6 

=  //  tan  I 

<p  being  the  limiting  angle  of  friction. 


Shn-Atang  +  f), 


MATHEMATICAL    TRIPOS. 


Wednesday,  Jan.  16,  1867.    1\  to  4. 


1.  When  is  a  quantity  said  to  be  a  function  of  another,  or  of  several  quantities? 
Define  independent  variables. 

Of  how  many  independent  variables  are  the  following  expressions  functions? 
the  position  (1)  of  a  point  in  space,  (2)  of  an  indefinite  straight  line  on  a  plane,  (3)  of  a 
given  rigid  body  in  space,  (4)  and  of  a  rigid  body  one  of  whose  points  is  on  a  given 
line. 

2.  Find  the  differential  coefficient  of  r  with  respect  to  x,  where  r  and  x  are 
both  functions   of  y. 

If  x  =  e"  cos  8  and  y  =  e?  sin  0,  shew  that 

dx~m  ay  p  =  "  \m+n-1  «"***  cos  j  (m  +  »)  e "+  J  »  +  ») 
3nd  &'dfe  =  \m  +  n~l  e"!M+">  sin  {(»  +  n) d  + 1  (2™  +  »)}  • 

3.  Shew  how  to  find  the  maxima  and  minima  values  of  a  given  function  of 
two  variables,    connected  by   a   given  equation. 

Three  segments  of  spheres  stand  on  the  same  given  circular  base;  if  the  volumes 
intercepted    between    the    spherical    surfaces    are    given,     shew   that    the   sum   of    the 

surfaces    will    be   a    minimum    when   —  H —  =  — ,    r,    and  r.    being    the    radii   of    the 

i>"  ft*  ft*  1  2  O 

' I  '  2  ' 3 

segments   on  one  side   of  the  base,   and  r,  that  of  the  segment  on   the  other  side. 

4.  Define  a  homogeneous  function  of  two  or  more  variables;  and  shew  that  if 
F,  be  a  homogeneous   function  of  the  ?i'h  degree  in  x,  y,  z, 

dVn  ,     dVn       dVn       „ 

Shew  that   if   Vn  when  substituted  for   V  in  the  equation 

dw_   dry  drv _ 

dx2  +  dy1  +  dz*  ~  U 
satisfies  that  equation,  then  Vn  (a;2  +  y1  +  tffW  when  substituted  for  V  will  also  satisfy  it. 

v.  Investigate  the  following  "expressions  for  the  radius  of  curvature  at  any  point 
of  a  plane  curve, 

dx  dy 

±d^y'    +d^'    \\dsV  +UsVj 
ds*  ds* 

Explain  the  origin  of  the  ambiguity  of  sign  in  the  first  two  of  these  expressions. 

vi.     If    w  =  0   be   the    equation   of  a  plane    curve  in   a  rational   form,  prove  that, 

„i    „    „  •  t     c  •  a     •        d*u  fduV      _    d'u  du  du     d*u  /du\2  . 

at  a  pomt  of  rnflexxon,  ^^  -2^^  +  -^)    is  generally  =0. 

Find  the  nature  of  the  point  at  the  origin,  in  a  curve  in  which  yimn  =  a2'""""1  xin+\ 


' 


- 
MATHEMATICAL   TU1P0S. 


Thursday.  Jan.  17,  1867.     9  to  12. 


1.  Two  fixed  tangents,  meeting  in  0,  touch  a  conic  at  A,  B;  a  variable  tangent 
is  drawn  at  any  point  P  to  meet  OA,  OB  in  i,  M;  prove  that  the  ratio  of  the 
triangle  OLM  to  the  triangle  PAB  varies  as  the  ratio  of  LM  to  the  diameter  parallel 
to  LM, 

2.  Straight  lines  are  drawn  from  the  angular  points  of  a  triangle,  through  a 
point;  and  three  others,  forming  another  triangle,  are  drawn  at  right  angles  _ to  them 
respectively,  through  the  angular  points  ;  prove  that  the  area  of  this  second  triangle  is 
least  when  it  is  four  times  tiie  original  triangle. 

3.  A  straight  line  divides  symmetrically  a  closed  curve  in  which  there  are  neither 
cusps  nor  points  of  inflexion;  a  thin  string  coiled  any  number  of  times  round  it  is 
unwrapped  from  a  point  where  this  line  meets  the  curve;  prove  that  if  the  string 
make  n  complete  revolutions  the  length  of  the  arc  traced  out  by  its  extremity  is 
to  the  length  of  the  given  curve  as  »V  to  1. 

4.  If  a,  I>.  c, ...  be  the  roots  of  the  equation  f(x)  =  0,  and 
prove  that  the  product  of  the  roots  of  the  equation  <p(x)=0,  is 


f(x)  and  6  {x)  being  rational  integral  functions  of  x,  and  k  the  coefficient  of  the  highest 
power  of  x  in  </>  (x). 

5.  There  are  n  given  particles  placed  at  given  points ;  each  is  divided  into 
(n— 1)  equal  parts,  one  of  which  is  placed  at  eacli  of  the  other  points:  and  the  centre 
of  gravity  of  the  system  thus  formed  is  found.  The  same  process  is  repeated.  Prove 
thaf  all  the  centres  of  gravity  lie  on  a  straight  line  passing  through  the  centre  of  gravity 
of  the  given  particles,  and  the  centre  of  gravity  of  n  equal  particles  placed  at  the 
given  points. 

6.  A  uniform  heavy  chain  of  length  2«  is  suspended  from  two  points  in  the  same 
horizontal  line;  if  one  of  these  points  be  moveable,  find  the  equation  of  the  locus  of 
the  vertex  of  the  catenary  formed  by  the  string ;  and  shew  that  the  area  cut  off  from 
this  locus  by  a  horizontal  line  through  the  fixed  point  is 

f(7r-4). 

7.  A  uniform  string  is  in  equilibrium  in  the  shape  of  an  ellipse,  under  the  action 
of  a  centre  of  force  in  the  focus ;  prove  that  the  mean  tension  of  the  string  is  that  at 
a  point  whose  focal  distances  are  as  P  to  or,  2a  being  the  axis  major  and  2irl  the 
perimeter  of  the  ellipse. 

8.  Three  particles  arc  moving  in  an  ellipse  in  the  same  direction  with  _  accele- 
rations vaiying  as  the  distance  from  the  centre;  form  equations  for  determining  the 
locus  of  the  centre  of  the  circle  which  always  passes  through  them,  and  prove  that 
its   area   is 

^  ("'-**)'  (cos  08  -  7)  +  cos  (7  -  a)  +  cos  (a  -  £)}, 
Sao        l 

where   2a   and   25   are   the   axes  of  the  ellipse   and  a,   /3,   7   the  eccentric   angles  cor- 
vpsnondino-  to  the   initial  nositions  of  the  three  particles. 


MATHEMATICAL   TRIPOS, 


Thursday,  Jan.  17,  1867.    1£  to  4. 


1.  Find  the  diagonal  of  a  parallelepiped  in  terms  of  the  three  edges  which  it 
meets  and  their  inclinations  to  one  another. 

A  parallelepiped  of  equal  edges  has  one  of  its  solid  angles  formed  by  3  obtuse 
angles  each  equal  to  2a;  shew  that  the  length  of  the  shortest  diagonal  is  to  that  of 
the  longest  as 

(3  +  6  cos  2a)  :  (3  -  2  cos  2a) . 

Shew  also  that  if  y3,  y  be  the  angles  the  shortest  diagonal  makes  with  an  edge  and 
a  face  respectively 

COS  /8  =  cos  a  COS  y. 

ii.     Find  the  foci  of  a  conic  referred  to  areal  co-ordinates. 

Hence  shew  that  if  a  conic  be  inscribed  in  a  triangle,  and  the  point  of 
intersection  of  lines  joining  the  vertices  with  the  points  of  contact  of  the  opposite 
sides,  be  one  focus,  this, point  must  be  that  at  which  the  sides  subtend  equal  angles. 
Shew  also,  geometrically  or  otherwise,  that  the  distances  of  the  other  focus  from 
the  angnlar  points  are  inversely  proportional  to  the  opposite  sides. 

iii.  Find  the  axes  of  a  central  section  of  an  ellipsoid  in  terms  of  the  prin- 
cipal axes  of  the  ellipsoid  and  the  confocal  conicoicls,  which  pass  through  one  extremity 
of  the  diameter  conjugate  to  the  section.  Hence  prove  that  the  principal  centres  of 
curvature  at  any  point  of  an  ellipsoid  are  the  poles  with  respect  to  the  confocal 
conicoids  passing  through  that  point,  of  the  tangent  plane  to  the  ellipsoid. 

Prove  that  the  two  spheres  of  curvature  at  any  point  cut  the  ellipsoid  in  curves 
■which  lie  upon  two  cone3  of  the  second  order  whose  vertices  are  at  the  point;  and 
that  if  a,  b,  c  be  the  principal  axes  of  the  ellipsoid,  av  iv  et  those  of  one  of  the 
confocal  conicoids,  av  /3V  yl  those  of  a  conicoid  similar  and  similarly  situated  to  the 
corresponding  cone, 

a  b  c 

What  do  these  cones  become  if  the  point  on  the  ellipsoid  be  at  one  of  the  umbilici  ? 

4.  Shew  how  to  obtain,  when  possible,  a  first  integral,  of  the  form  u  =f(v), 
for  the  partial  differential  equation  of  the  second  order  of  the  form 

Br  +  Ss  +  Tt  =  V. 
Integrate,  the  equation 

{x-y)(r-t)  +4  =  0. 


MATHEMATICAL    TRIPOS. 


Fbiday,  Jan.  18,  1867.     9  to  12. 


1.     Find  the  envelope  to  the  plane 

x  coti  a  +  y  cots/3  +  g  eot^7        a  b  c 

cot=a  cot^/3 cot-7  sin  &  ~  sin  cj>  ~  shv^ 

where  2a,  2£,  27  are  the  angles  of  any  triangle,   and 

cot  a  sec20  +  cot  £  sec2<£  +  cot  7  sec3-\/r  =  0. 
Shew  also  that  this  envelope  touches  the  spheroid, 

ar  +  s3  ,  «2  +  <r-62  . 

— r- — 1 n —  t  =  1, 

0  ac        J        ' 

along  the  circumference  of  a  circle,  and  meets  it  in  no  other  points. 

ii.  If  \,\,hs  be  the  component  angular  momenta  of  a  system  about  three 
rectangular  axes  which  rotate  with  an  angular  velocity  whose  components  about  their 
instantaneous  directions  are  <?„  6V  6,  respectively,  and  if  the  system  be  acted  on  by 
a   couple   whose   components   about  these  axes  are  L,  M,  N,  prove  that 

Prove  that,  if  the  angular  momentum  be  a  maximum  or  minimum,  the  axis  of 
the  couple   is   at  nght  angles  to  the  axis  of  angular  momentum. 

iii.     Prove  that  if  either  of  the  equations, 

<t>  («,  y,  z>  P,  q)  =  0,  $  (p,  q,px+qy  -  z,  x,  y)  =  0, 

can  be  integrated  in   the  form  z  =  +  (x,y),  the  solution   of  the  other  will   be  formed 
by  eliminating  f,  v,  f  between   the   equations, 

t-  +  Cfi  V),  a  =  -f(£),  y  =  ¥iv),  z  =  &  +  Vy-£ 

iv.  Explain  what  is  meant  by  an  equation  of  mixed  differences;  and  how  such  an 
equation  is  to  be  solved. 

to  th^If^Y116  ?**"*  eqUati°n  °f  the  daSS  °f  CUrveS  whose  evol^s  are  similar 
to  tne  curves  themselves.  «"«<« 

5.  Explain  what  is  meant  by  the  instantaneous  ellipse  of  a  disturbed  planet- 
and  shew  that,  if  cos.B  be  the  eccentricity  of  the  ellipse, 

d  sin  E  /dB     ,  dR\ 


MATHEMATICAL   TRIPOS. 


Feidat,  Jan.  18,  1867.     1£  to  4. 


1.    Give  some  method  of  eliminating  x  and  y  between  the  two  equations 
ax*  +  ibx3y  +  6cxy  +  ±dxtf  +  ey*  =  0, 
ax4  +  4/3x3y  +  6yx'y'  +  4.8xy3  +  eyf  =  0, 
and  express  the  result  as  a  determinant. 

Shew  that  the  condition  that  the  three  curves 

l&y+nvya  +  mP^O,    po?  +  yyS"  +  ry>  =  0,     w2  +  »/3' +  W>  =  0 
should  meet  in  a  point  is  ' 

l4{pv-  qu)>  (ru  -pWf  +  m<  (ql0  _  rvf  {pv  _  quf  +  ni  {ru  y  ^  _ 

-  2  (aw  -  rv)  (ru  -pw)  (pv  _  qu)  {mV  (^  _  ,y)  +  nT  (,„  _py})  +  ^  ^  _  ^ }  =  Q< 

2.  Prove  the  formula: 

W     e  J  (■*,  y)  =/(«  cos  a-  y  sin  a,  «  sin  <x+y  cos  a). 

(2)    i^^  +  '^+itfeHg-l?  A,  «fe+ft-l)  (*+3r-2) 

1  1-2  2r  1.2.3 -At»+'« 

3.  Find  the  equations  of  the  classes  of  curves  which  possess   the   f«nnm- 
perties  respectively:  wwwi  pos»ess   tne   following   pro- 

(1)     The  distance  of  the  centre  of  curvature  from  a  given  fixed  point  is  constant. 

contact M  ff  intS^^  *»  P**  * 

and  a  fixed  point  meets  the  tangent,  is  constant  g  S  °entre  °f  CUrvature 

In  the  latter  case  obtain  the  polar  equation.     Shew  also  that   if  P  ha  „„ 
the  curve,  £  the  fixed  point  and   C  the  centre  of  curvlture    ^SGPul^  f°m\  T 
the  perpendicular  drawn  from  8  to  the  tangent  atC]TatUre'  cos  *<?P  w  proportional  to 

4.  Prove  that  if  X3  +  ^  =  1 

/.00 

e-*«  cos  /we da;  =  A  tan-1  -       - 

•'o  «  2  1-ft" 

and  (Va*  sin ^  «««»  ^  =  ,  loo.  1+^m  +  n' 

What  do  the  values  of  the  integrals  become  when  X  =  0  ? 

Trace  the  curve  xy  =  c°  sin  =  sin  ?  and  find  the  whole  area  intercepted  between  it 
and  the  axis  of  x. 


MATHEMATICAL    TRIPOS. 


Tuesday,  Jan.  1.  1867.     9  to  12. 


[In  the  answers  to  the  first  six  questions,  the  symbol  -  must  not  be  used,  and  the 
only  abbreviation  admitted  for  the  square  described  on  AB  is  "  sq.  on  AB",  and  for  the 
rectangle  contained  by  AB  and  CD,  "  the  reck  AB,  CD".] 

1.  If  one  side  of  a  triangle  be  produced,  the  exterior  angle  is  greater  than  either 
of  the  two  interior  opposite  angles. 

Any    two    exterior    angles    of    a    triangle    are    together    greater    than    two    right 


angles. 


2.  The  complements  of  parallelograms,  which  are  about  the  diameter  of  any 
parallelogram,  are  equal  to  each  other. 

What  is  the  greatest  value  which  these  complements,  for  a  given  parallelogram, 
can   have  ? 

3.  Divide  a  given  straight  line  into  two  parts  such  that  the  rectangle  contained 
by  the  whole  and  one  of  the  parts  shall  be  equal  to  the  square  on  the  other  part. 

Divide  a  given  straight  line  into  two  parts  such  that  the  squares  on  the  whole 
line  and  on  one  of  the  parts  shall  be  together  double  of  the  square  on  the  other  part. 

iv.  The  opposite  angles  of  a  quadrilateral  inscribed  in  a  circle  are  together  equal 
to  two  right  angles. 

If  the  chords,  which  bisect  two  angles  of  a  triangle  inscribed  in  a  circle,  be  equal, 
prove  that  either  the  angles  are  equal  or  the  third  angle  is  equal  to  the  angle  of  an 
equilateral  triangle. 

v.  If  the  exterior  angle  of  a  triangle  be  bisected  by  a  straight  line,  which  also 
cuts  the  base  produced,  the  segments  between  the  dividing  line  and  the  extremities 
of  the  base  have   the   same  ratio    which   the   other   sides    of  the  triangle  have   to   one 

another. 

Each  acute  angle  of  a  right-angled  triangle  and  its  corresponding  exterior  angle 
are  bisected  by  straight  lines  meeting  the  opposite  sides;  prove  that  the  rectangle  con- 
tained by  the  portions  of  those  sides  intercepted  between  the  bisecting  lines  is  four 
times  the  square  on  the  hypothenuse. 

vi.  Every  solid  angle  is  contained  by  plane  angles  which  are  together  less  than 
four  right  angles. 

Two  pyramids  are  described,  the  one  standing  on  a  square  as  a  base,  the  other 
on  a  regular  octagon,  the  vertex  of  each  being  equally  distant  from  the  angular 
points  of  its  base;  if  this  distance  be  the  same  for  each  pyramid  and  the  perimeters 
of  the  ■  bases  be  equal,  prove  that  the  plane  angles  containing  the  solid  angle  at  the 
vertex  of  the  former  are  together  greater  than  the  plane  angles  containing  the  solid 
angle  at  the  vertex  of  the  latter. 


MATHEMATICAL    TRIPOS. 


TllUESDAY,  Jan.  3,  1867.     1  to  4. 


1.  State  and  prove  Lemma  vu.  Why  is  the  theory  of  similar  figures  intro- 
duced ? 

If  the  tangent  is  always  taken  equal  to  the  chord,  shew  that  the  line  joining 
their  extremities  ultimately  intersects  the  normal  at  a  distance  equal  to  four  times 
the  radius  of  curvature;  and  that  if  the  tangent,  is  made  equal  to  the  arc,  the  dis- 
tance will  he  three  times  the  radius  of  curvature. 

ii.  When  a  body  revolves  in  an  orbit,  subject  to  the  action  of  forces  tending 
to  a  fixed  point,  the  areas,  which  it  describes  by  radii  drawn  to  the  fixed  centre 
of  force    are  in  one  fixed  plane,   and  are  proportional  to  the  times  of  describing  them. 

A  noint  describes  any  conic  section  about  a  focus;  prove  that  the  total  velocity 
generated  in  moving  from  one  given  point  to  another  is  in  the  direction  of  the  line 
joining  the  focus  to  the  intersection  of  the  tangents  at  the  given  points. 

3.  Every  body  which  describes  areas  proportional  to  the  times  by  radii  drawn 
to  the  centre  of  another  body  which  is  moving  in  any  manner  is  acted  on  by  a 
force  compounded  of  a  centripetal  force,  fending  to  that  other  body  and  of  the  whole 
accelerating  force  acting  on  that  body. 

If  the  Moon  described  about  the  Earth  areas  accurately  proportional  to  the  times, 
what  should  we  infer  about  the  action  of  the  Sun  on  the  Moon? 

Shew  that,  if  /<•  is  the  projection  on  any  plane  of  the  area  actually  described 
by  the  Moon  about  the  Earth,  and  II  that  of  the  area  described  by  the  centre  of 
gravity  of  the   Earth  and   Moon   about  the  Sun  in  a  unit  of  time, 

HS  (E  +  Mf  +  hEM(S+  E+  31) 
is  constant;  where  S  E  and  M  are  the  masses  of  the  Sun  Earth  and  Moon. 

4.  A  body  moves  in  the.  circumference  of  a  circle ;  find  the  law  of  the  centri- 
petal force  tending  to  a  given  point  in  the  plane  of  the  circle. 

Given  SP,  the  direction  of  projection,  and  the  initial  velocity,  determine  the  law 
of  force  in  terms  of  the  radius  vector  that  the  path  may  be  a  circle  passing  through 
a  given  point  V  in  PS  produced;  and  shew  that  particles  projected  from  P  in 
any  direction  with  the  given  velocity  will  describe  circular  paths  and  pass 
through   V. 

v.  If  a  body  is  revolving  in  an  ellipse,  find  the  law  of  centripetal  force  tend- 
ing to  the  centre  of  the  ellipse. 

The  centre  of  a  watch  describes  an  ellipse  in  the  plane  of  the  watch,  with  an 
acceleration  tending  to  the  centre  of  the  ellipse,  completing  a  revolution  in  one  hour; 
prove  that,  if  the  watch  have  no  motion  of  rotation,  the  extremity  of  the  minute- 
hand  will  also  describe  an  ellipse  about  the  same  centre,  with  the  same  law  of  acceleration. 


MATHEMATICAL    TRIPOS. 


Tuesday,  Jan.  15,  18g7.     H  to  4. 


1.  A  pencil  of  light  falls  on  a  prism  near  and  perpendicular  to  its  edge: 
given  u,  the  distance-  of  the  focus  of  incident  light  from  the  prism,  find  vv  that  of 
the  primary  focus  of  emergent  light. 

Shew  that  in  spectrum  observations  the  primary  focus  is  to  be  taken ;  and  that, 
■when  the  angles  of  incidence  and  emergence  of  green  light  are  equal,  i\  is  greater 
than  u  for  red  light,  and  less  for  violet. 

On  which  side  of  the  prism  should  a  lens  of  the  same  material  be  placed  to  bring 
the  foci  of  rays  of  different  colours  to  the  same  distance  from  the  prism  ? 

2.  Shew  that,  if  the  length  of  the  patli  of  a  ray  in  each  medium  which  it 
traverses,  be  multiplied  by  the  index  of  refraction  of  that  medium,  the  sum  of  such 
products  from  the  origin  of  a  pencil  to  a  real  focus  will  be  the  same  for  all  rays 
of  the  pencil.     How  must  the  statement  be  modified  if  the  focus  is  virtual? 

ABCD  are  four  points,  abed  are  their  respective  images  formed  in  any  manner 
by  refraction  through  any  number  of  surfaces :  AB,  CD,  ab,  cd  are  bisected  at  right 
angles  by  the  same  straight  line,  shew  that 

AB .  CD  ab  ■  cd 

**«  AC+AD~fl-  ac+ad' 
where  ^  and  /a,  arc   the  indices  of  refraction  of  the  media  in  which  ABCD  and   abed 
lie  respectively. 

iii.  A   particle,    under  the   action   of  an  attractive   force  varying  inversely  as   the 

cube  of  the  distance  from  a  given   plane,   is  constrained  to  move  on  a  smooth  spherical 

surface,  and    projected    with    the  velocity   due   to   an  infinite   distance;   prove   that   the 

efficient  force  on  the  particle  always  passes  through  a  fixed  point. 

iv.  A  uniform  solid  of  revolution  is  rotating  about  its  centre  of  gravity  ; 
assuming  the  equations  of  motion  about  three  rectangular  axes  fixed  in  space, 
investigate  equations  for  determining  the  motion  about  its  axis  of  figure,  the  line  of 
intersection  of  its  equatoreal  plane  with  a  given  fixed  plane,  and  the  line  through 
the  centre  of  gravity  at  right  angles  to  both  of  these. 

v.  Define  the  force-function  of  a  system  under  the  action  of  given  forces;  and 
prove  that,  if  a  system  be  in  motion  under  the  action  of  finite  forces,  the  geome- 
trical relations  between  the  different  parts  of  the  system  not  involving  the  time 
explicitly,   the  vis   viva   differs  from   twice  the  force-function  by  a  constant  quantity. 

Prove  that,  when  the  system  is  passing  through  a  position  of  stable  equilibrium, 
the  vis   viva   is   a  maximum. 

6.  Interpret  the  equation  of  continuity  in  fluid  motion;  and  express  it  in 
terms   of  r,  6,   and   s,   where   x  =  r  cos  8   and  y=rsin0. 

A  quantity  of  water  fills  a  cylinder,  radius  a,  closed  by  a  piston;  and  is  at  first 
rotating  about  the  axis,  with  uniform  angular  velocity  a) :  a  small  hole  is  bored  in  the 
piston  at  a  distance  b  from  the  axis;  and  the  piston  is  forced  down,  causing  some 
of  the  water  to  escape  by  the  hole,  the  rest  still  filling  the  cylindrical  space :  assuming 
that  the   angular   velocity   of  the  water   is   always   a  function  of  the  distance  from  the 

axis,    determine    its    value     for    distances    greater    and    b>ss    than    b,    when     -    ol    the 
water  remains  in  the  cylinder. 


c 


MATHEMATICAL    TRIPOS. 


Wednesday,  Jan.  16,  1867.    9  to  12. 


1.     Shew  that  if  ^  "be  less  than  nr, 


r.  e 

Lsm2 


e     .  e  .  .  e' 


4-sin^  + +  sm- 


e         e  e' 

COS-  +  003^5  + +C0S£5 


is  not  less  than 


n 


■  .    a    .    0  .       0 

sin  0  sin  - sin- 


* 


2.  AB  is  a  straight  rod  moveable  about  a  fixed  point  A  in  a  horizontal  plane. 
BC  is  another  straight  rod  lunged  to  AB  at  B  and  moving  in  the  same  plane.  At 
the  middle  point  of  BG  is  a  wheel  revolving  on  BO  as  axle,  and  having  its  circum- 
ference =  BG.  Shew  that  if  the  point  G  trace  out  any  curve  beginning  and  ending  on 
the  circumference  of  a  circle  whose  centre  is  A  and  radius  AB,  the  area  included 
between  the  curve  and  the  circle  is  BG2  x  number  of  revolutions  and  parts  of  a  revo- 
lution of  the  wheel. 

The  wheel  is  supposed  to  move  on  a  fixed  rough  plane  parallel  to  that  of  ABO. 

3.  If    X    represent   the   area    of   the    exterior    envelope    of    a    system    of    circles 

of  given  diameter  c,  each  touching  externally  a  given  ellipse  whose  axes  are  a  and  />, 
shew  that 

m  1       m2  m       m  i      mn  n 

Xx  X  =  Xx  X. 

BUI  1  »'2  1 

4.  A  person  is  left  a  triangular  piece  of  land  whose  perimeter  only  is  known, 
shew  that  he  may  fairly  calculate  that  the  area  is  to  that  of  a  circle  whose  radius 
is  the  known  perimeter  ::  1  :  105 ;  sides  of  all  possible  lengths  being  equally  likely  to 
occur. 

5.  A  pavement  is  formed  of  equal  elliptical  slabs  of  white  marble,  their  major 
axes  being  each  2a  and  pointing  to  the  north,  and  minor  axes .'2b.  Any  four  contigu- 
ous slabs  have  their  centres  at  the  angles  of  an  oblong  whose  sides  are  2a  and  2b.  lhe 
interstices  are  filled  up  with  black  marble.  A  black  elliptical  lamina  whose  axes  are 
2ma,  2mb,  and  a  white  one  whose  axes  are  2na,  2nb  are  dropped  at  random  on  the 
pavement  ana  take  up  positions  with  their  major  axes  pointing  to  the  north.  Find  the 
chance  of  the  black  one  being  entirely  on  a  white  surface  and  the  white  one  on  a  black. 


o  _  ^3 
If  a  =  b,    and    the    radius    of    a    silver    coin    be  a,    and  of    a    copper    one 


1 


a;  shew  that  the  chance  of  the  silver  lying  wholly  on  the  black  and  the  copper  wholly 

, .       .     9tt  (9  -  ir  -  3  V3) 

on  the  white  is  -r^-- . 
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